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The Hosoya index z(G) of a (molecular) graph G is defined as the total number
of subsets of the edge set, in which any two edges are mutually independent, i.e., the
total number of independent-edge sets of G. By G(n, [, k) we denote the set of unicy-
clic graphs on n vertices with girth and pendent vertices being resp. / and k. Let Sf, be
the graph obtained by identifying the center of the star S,,_;,1 with any vertex of C;.
By Rf;k we denote the graph obtained by identifying one pendent vertex of the path
P,_;_r+1 with one pendent vertex of Sll 4 In this paper, we show that Rf,’k is the
unique unicyclic graph with minimal Hosoya index among all graphs in G(n, [, k).
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1. Introduction

The Hosoya index, proposed by Hosoya [1] in 1971, acts as one of impor-
tant topological parameters to study the relation between molecular structure
and physical and chemical properties of certain amount of hydrocarbon com-
pounds.

Hosoya index, denoted by z(G), is defined to be the total number of mat-
chings, namely,

14]
2(G) =D m(Gss),
s=0
where m(G; s) is the number of s-matchings of G. An s-matchings of a graph G
is a subset M of its edge set with the property that |M| =s and M contains no
two edges sharing a common vertex. For convenience, set m(G; 0) = 1.

It’s significant to determine the graph with extremal (maximal or minimal)
Hosoya index z(G). Along this line, many research results have been put for-
ward. Gutman [2] proved that the linear hexagonal chain is the unique chain
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with minimal Hosoya index among all hexagonal chains. Zhang [3] showed that
zig-zag hexagonal chain is the unique chain with maximal Hosoya index among
all hexagonal chains. Later, Zhang et al. [4] gave a new proof of the results in
Refs. [2, 3]. In ref. [5], Zhang determined the unique graph with minimal and
second minimal Hosoya indices among all catacondensed systems. In ref. [6],
the path and star have been shown to have the maximal and minimal Hosoya
indices resp. among all trees on n vertices. Hou [7] characterized the trees having
minimal and second minimal Hosoya indices among all trees with a given size
of matching. Yu et al. [8] investigated the graphs having minimal Hosoya index
among all graphs with given edge-independence number and cyclomatic num-
ber. In ref. [9], Yu et al. investigated the trees having minimal Hosoya index
among all trees with k-pendent vertices. More recently, the author [10] determi-
ned the unique unicyclic graphs with the first and second largest Hosoya indices.
He also determined the unique unicyclic graphs with the first and second smal-
lest Hosoya indices in the successive paper [11].

In this paper, we investigate the Hosoya index of unicyclic graphs with
given girth and pendent vertices. Unicyclic graph possessing prescribed girth and
pendent vertices with minimal Hosoya-index is uniquely determined among all
graphs in G(n, [, k).

2. Lemmas and results

All graphs considered here are both connected and simple. By S,, C,, and
P, we denote, respectively, the star graph, the cycle graph, and the path graph
with n vertices. By G(n, [, k) we denote the set of all unicyclic graphs on n ver-
tices with girth and pendent vertices being resp.  and k. Let S/ be the graph
obtained by identifying the center of S, _;;; with any vertex of C;. By Rf;k
we denote the graph obtained by identifying one pendent vertex of the path
Py—_;—r+1 with one pendent vertex of Sll 4k~ Let Vi(G) denote the set of pendent
vertices in G. We denote, by dg(x, y), the length of the shortest path connecting
x and y, namely, the distance between x and y. Let dg(x, C;) = min{dg(x, y)|y €
V(C)) and x € V(C))}. Let V; denote the subset of V{(G) with the property that
for any vertex v in Vg, we have dg(v, C;) = max{dg(x, C))|x € Vi(G)}. Other
notations and terminology not defined here will conform to those in ref. [12].

Figures 1 and 2 illustrate S, and RLF, respectively.

In order to prove our main result, we begin with the following

Definition 1. Let o 5 ; = (r, s, t). If r{ <ry or s;1 <s; and #; <1, then we write
(r1, s1, t1) < (r2, 52, 1). Moreover, (r, s1, t1) = (r2, 52, 1) if and only if r| =1y,
s1 = s2, and 1] = B.

If (r1, s1, 11) < (r2, 82, 1) but (r1, s1, 1) # (r2, 52, 1), then we write
(r1, s1, 11) < (r2, 52, B).
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Figure 1. The graph Sfl.

Figure 2. The graph R,l1’ k,

From the above definition, it’s not difficult to see that if r; < ro, 51 < $7,
and 11 < 1y, then (r1, s1, 11) < (r2, $2, 1).

For i = 1,2, let r;, s; and #; be parameters related to graphs G;, respec-
tively. Set or s :(G1) = (rq, s1, 1) and o 5.1(G2) = (r2, $2, 0). If (ry, 51, 11) <
(2, $2, 1), then we write o, 5. ;(G1) < oy 5.1 (G2).

Let G be a n-vertex graph with adjacency matrix A(G). Define the neighbor
matrix B(G) of G as B(G) = A(G) + I, where I is the unit matrix of order n.
From the definition of permanent [13], we immediately have

Lemma 2. Let G be a graph with m components G, G», - - - G,,. Then perB(G)=

m

[1 perB(G;).
i=1
Lemma 3. [8] Let T be a tree on n vertices. Then z(T) = perB(T).

Lemma 4. [7] Let T be a n-vertex tree. Then n = 2z(Sy) <z(T)<z(P,) =
Fui1,2(Sp) < z(T) if and only if T 2 S, and z(T) < z(Py) if and only if T 2 P,.

Theorem 5. Let />3 and k> 1. Then z(R *) = FiF,_ i1 + [Fi—1 + Fi1 + (k —
DF1F, k.

Proof. By T(G) we denote the forest obtained from G by deleting all vertices
in V(C;) as well as edges incident with each vertex in V (C)).
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From the definition of permanent, we obtain

n
perB(R; ) = > [ [ b0,

o =1

where o goes over all symmetric group of order n.
n

In the above formula, term [] b; 54y = 0 if and only if either vertex i is

not adjacent to vertex o (i) for so;né i #0(i) or, o contains a cycle with length
greater than 2 but not equal to [/ since R,l{ k contains exactly one cycle of length
. Consequently, every non-zero term of perB(Rf,’ ) corresponds to a matching
of Rf,’ * with the exception of o being one of two cycles of length /. So

Z(Ri’ k) = perB(R,l,; k) — 2perB(T(R,l; k)). (1)

Note that T7(G) = (k — 1)K |J Py—i—x+1- So by lemmas 2, 3, and 4, we
obtain

perB(T (R, ) = F_y_112. (2)

Labeling vertices of Rf,’ Kina way such that its neighbor matrix B(Rf,’ k) has
the form

11 11 1100 0 0
111 0 00 0 0 0 0

11 00 0 00 0 0 0 0
1 0 0 1 0 00 0 0 0 0
1 0 0 10 00 0 0 0 0
1 0 0 0 0 1 00 0 0 0 0
1 0 0 0 0 0 1 00 0 0 0
1 0 0 00 0 01 1 0 0 0
0 0 0 0 0 0 01 1 1 0 0
0 0 0 0 0 0 00 1 1 0 0
0 0 0 0 0 0 0 0 0 11

(n)
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Let Ny g+1 =

from B(Rn )

Let Mjpp_1=1] 1

1

O =

. O -

0
0

10 0 0
11 0 0
11 0 0
0 0 11
0 0 1
10 11
1ol 0 0 0
11 0 0 0
0 0 10 0
0 0 0 1 0
0 0 00 1
0 0 0 0 0
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denotethe (n—I1—k-+1)x

) (n—Il—k+1)
n—1—k —|— 1) matrix formed by takmg the last n — — k + 1 rows and columns

1
0
0

1

(I+k—1)

bethe (I +k—1)x

I+ k — 1) matrix obtained by taklng the first / + k& — 1 rows and columns from

B(RL 5.

Let Q, ;111 be the matrix obtained from N,_; ;.| by replacing its first
0 0)",

column by the (n—I—k+1)-dimension column vector ( 1

that is

On—i—ks+1 =

[u—
[a—

Let Rjyf—1=

OO e
OO e

— O

o O

OO e

[u—

[EEE

O -

oS = O

—

o O

o O

—

[u—

— e

(n—l—k+1)

(I+k—1)

0 0

be

the

matrix
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obtained from M; ;| by replacing its first column by the (I +k — 1)-dimension
column vector (1 0 0 --- 0 0 0 --- 0)",
Expanding perB(R,l; %) along its last n — [ — k + 1 rows, we obtain

perB(R, *) = perNy_j_j41 - PerMj—1 + perQn_i—g+1 - PErR k1. (3)

If we expand perM; ;_1 along its last k — 1 rows, we obtain

k—1
perMi -1 = perB(Cy) - perEy—1 + ZPGYDZJHC - perky,
j=1
1 1 1
0 1 1 0
where E;_; is the unit matrix of order k — 1, E; = 0 1 1 0
0 0 0 --- 1 O
is obtained from B(C;) by replacing its first column by the /-dimension column
1
0
vector | 0 and D/+k (j=1,---k—1) is obtained from Ej;_; by replacing
0 Ix1
1
. . . 1
its jth column by the (k — 1)-dimension column vector
. (k—1)x1
1
1 .
Note that per(E;_;) = Per . =1, perD/ , =1 for

! (k=1

j=1,2,...k—1 and perE; = perB(P;_1).
So perM; 1 = perB(C;) + (k — 1)perB(P;—1). In view of ref. [11],
perB(C;) = Fj41 + Fi—1 + 2. So by lemma 4, we have

perMiy1 = Fy1+ Fo1+2+ (k= 1)F. “4)

Once again by lemma 4, one can easily obtain that
PerNy k41 = perB(Pu—j—i+1) = Fpi—iy2. 5
By an expansion of perR;,;—; along its last (k — 1) columns, we arrive at

perR;yx—1 = perB(P;_1). (6)
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Similarly, if we expand perQ,_;—x+1 along its first column, we get that
perQpu_j—k+1 = perB(Pyj—;) = Fy_j—i41- (7
From the combination of equations (3)—(7), we conclude that
perB(R, ¥y = FiFy_ 1 + [Fio1 4 Fip1 + (k= D+ 21F k2. (8)

Combining equations (1), (2), and (8), the theorem follows as expected. [

The following result is obvious, so we omit its proof here.

Lemma 6. If G is a subgraph of G», then z(G») > z(Gy).
Lemma 7. Let [ > 3, then z(C)) > z(P> J Pi—1).

Proof. Since P,|J P,—; contains no cycle, then each non-zero term of
perB(P> |J P,—1) corresponds to a matching of P, J P,—;. Consequently, it fol-

lows that
z(P2 U Pl—l) = perB(P2 U Pl_l)
= perB(Py)perB(P—1)
= z(P)z(P-1)
=2F;

from the combination of lemmas 2, 3, and 4.
Note that

m(Cr;s) =m(P;;s) + m(P—a;s — 1)
for any positive integer s. This gives
z(C) = z(P) + z(P1-2).
Hence, we have z(C;) = F;_| + F;;1 by lemma 4. Thus, the result follows

by a direct calculation. O

Lemma 8. For />3 and n>[+1, z(R,lq’l) > z2(Pi—1 U Pu—i+2)-

Proof. We proceed by induction on n — 1.
When n — 1 =1, we have R,l,’1 = R;jl and Pi_1J Pr—142 = P—1 U P3.
Note that for all positive integer s, we have

m(Ry ) =m(Cris) +m(Pi_y;s — 1) ©)

and
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m(P1—1 U P3; S) = m(Pz—l U P; S) +m(P_1;s —1). (10)

Combining equations (9), (10), and lemma 7, the result follows in this case.

Letlt >2 ellnd suppose the result holds for n — < . When n — [ =1, we
have Ry' = Ry, and Py U Pyiya = P U Prya.

Note that

m(RyL s s) =m(Ry,_is) +m(Ry, 5= 1) (11)

and

m(Pl—l U Py io; S) = m(Pl—l U Piir; S) + m(P1—1 U Ps — 1) (12)

for all positive integer s.
From inductive assumption, we have

(R ) = (P Pn) (13)

and

(R ) = 2(P U R). (14)

Therefore, the result follows from the combination of equations (11)-(14).
U

Lemma 9. [12] Let G be a connected n-vertex unicyclic graph. If g(G) = [, then
72(G) = Fi41 + (n — 1) F; 4+ F;_1, with the equality holding if and only if G = Sfl.

Theorem 10. Let G € G(n, 1, k) with />3 and k> 1. If G 2 R: ¥, then z(G) >
2Ry 5.

Proof.  Let g denote the number of vertices in V(G) other than all pendent ver-
tices as well as all vertices in V (C;). It’s evident that for any graph G € G(n, [, k),
we have g>0andn=I1+k+¢g>1+1.

If ar, 4,n(G) = (1, g, n), the result holds clearly. If oy 4,,(G) = (k, 0, n),
the result follows from lemma 9. In what follows, we will show that the theorem
holds for the case when ay 4, ,(G) = (k, 1, n) with k> 2.

Since ¢ = 1, there’re exactly n — [ — 1 pendent vertices in G. Let v € Vg,
then we have dg(v, C;) = 2 and |Vy| = 1. Let u be the unique neighbor of v.
The following two cases should be distinguished between.

e The case when d(u) = 2.

Let G — uv = Go|J Ky, where Go = G — v. Then Gy € G(n — 1,1, k) and
G—v—u € Gn—2,1,k—1). In this case, we clearly have Rl’fl(’é Sfl_l) €

n
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G —1,1,k) and RSN =S ) e G —

2,1,k —1). From lemma 9, we arrive
at

2(Go) = z(Sh_) = z2(R* ) (15)

and

2G —v—u)>z(S\_,) = z(RM (16)

with equality holding if and only if Go = Sfl_l and G —v—u= Sf;—Z'
Bearing in mind that

5]
2(G) =D m(G;s)+1
s=1
3] L3]
_Zm(G—vu s)—i—Zm(G—v—u s—1)

s=1

L J

[ ST

|
[

m(GQUKl;s) +z2(G—v—u)

s=0
5]
= m(Go; s) +z(G —v —u),
s=0
which gives
2(G) = z2(Go) + z2(G — v —u). (17)

Substituting equations (15) and (16) into equation (17) yields that

2G) = 2(RyK) +2(RLS)
2] 12]
m(Ri’_kIUKl;s)+ m( R 1U2K1 s)

s=0

Il
—
e Mw\:
— o

\ =

]

2
Rlk-1

m(#t ) + 2m (R )

m( ne1’ )+Z;‘m( ikzl, —1)
=

Il
— ©
SEN| M
— o
N\ II

©“
I
(=]
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m(R,lj k; s)
-0
(RE9).

The above equality holds if and only if Gy = Rfl’_kl and G—v—u=R
that is G = Rf,’k. So the result holds in this case.

e The case when d(u) > 3.

In this case, we clearly have G 2 Rf;k. Let d(u) = m + 1. It’s not difficult
to see that there’re exactly m pendent vertices in N (u) since v € V.

Let Go be defined as in the previous case. Then Go € G(n — 1,1, k — 1) in
this case. From lemma 9, we have

2Go = z(RL). (18)

L

I
i

©“

A\

[, k—1
n—-2 >

Obviously, G — v — u contains C; as its subgraph. From lemmas 6 and 7,
we obtain

(G —v=w > 2C) > z(Pi [ P2). (19)

1, k—1
n—1

In view of equations (17)—(19), we have z(G) = z(Go)+z2(G—v—u) > z(R
z(P,_l U Pz) = z(Rf,’k). Consequently, the result follows.

Hence, we may assume that k, ¢ > 2 hereinafter.
Let v € Vg, then we have dg (v, C;) > 2. We consider the following two cases.

)+

Case 1. dg (v, C;) = 2.

It’s evident that G 2 Rf,’k in this case.
We proceed by induction on a4, »(G).
Suppose that the theorem holds for all unicyclic graphs G with o, g, 2 (GH<

ak,q,n(G)-

Subcase 1.1 d(u) = 2.

Let G —vu = Go|J K1, where Gp = G —v. Then Gy € G(n — 1,1, k) and
G—v—u e G(n-2,1, k—=1). Obviously, ay 4 »(Go) = (k,q—1,n—=1) < (p,q,n) =
ok, ¢,n(G) and ag, 4. n(G—v—u) =(k—-1,9—-1,n-2) < (k,q,n) = ay, ¢4,.(G).
Then by induction hypothesis, we have

2Go = 2(R}Y)) (20)
and

26 —v-wzz(RS). @1)
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Since g > 2, then

L5)

z(Rf;"):Z ( ks )+Z ( 2,s—1):z(Ri’fl)—i—z(Ri’fz). (22)

s=0

From the combmatlon of equatlons (20)—(22) and (17), we know that if
Z(RMTY > 2(REK ), then 2(G) > z(REY).

If (n—2)—1—k =0, the theorem follows readily from lemma 9. So it will
be assumed that (n —2) — 1 —k>1, thatis (n —4) — 1 — (k — 1) >0.

Note that

Il
3
—
=
3N
S~
w |
S~
+
3
—
=
S~
| =
o
“
|
N

2
= Z m(Ri’f;l; S) + (Pl—l U P, k_1;5 — 1).
= s=1
—1
= z(R,l{fg ) +Z(P1—1 U Pk 1)

So what remains is to prove that

Z(R,lq’,kél_l) > Z(Pl—l U Pn—l—k—l)- (23)

It’s easy to see that Rl k=1 contains Pi_1 |J Py—1—k—1 as its proper subgraph.

Hence equation (23) follows from lemma 6. Therefore the theorem holds in this
case.

Subcase 1.2 d(u) > 3.

As being proved above, all vertices but one in N (u) are pendent vertices. Let
G—vwu=GogJK;and G—v—u=G||J(m— 1)K, where Go = G —v and G
denote the subgraph containing C; of G—v—u. Then Go € G(n—1,1, k—1) and
G € Gn—m—1,1, k—m). Obviously, ax 4, ,(Go) = (k—1,q,n—1) < (k,q,n) =
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Olk,q,n(G) and ak,q,n(Gl) =k-mqg—-1,n—m-—1) < (k,q,n) = ak,q,n(G)-
Then by induction hypothesis, we have

2(Go) = 2(RyET1) (24)

and
2GD = 2R ). (25)

It’s easy to obtain

2(G) = z(Go) +z(Gy) (26)

and
2R = (RS 42 (P U Pacien). 27)
In view of equations (24)—(27), we know that if z(Ri’f;’f D> z2(Poi U Pn_ll_kk_;’_l),

J—m

then the result holds. Since P;_j|J P,—;—k+1 1S @ proper subgraph of R
then we complete the proof of subcase 1.2 by lemma 6.

Case 2 dg (v, C7) = 3.

We proceed by induction on a4, ,(G).

Suppose that the theorem holds for all unicyclic graphs G with k. q, 2(G) <
Olk,q,n(G)-

Let d(u) = m + 1. As being shown above, there’s exactly one vertex, say w,
in N(u) with d(w) > 2. We distinguish among the following four subcases.

Subcase 2.1 d(u) =2 and d(w) = 2.

Let G —uv = Go|J K1, where Gp = G — v.

Then Go e G(n—1,1, k) and G—v—u € G(n—2,1, k). Since ax 4, 2(Go) =
(k,g—1,n—1) < (k,q,n) =ay 4 ,(G) and ¢ ¢ 2,(G—v—u) =(k,g—2,n-2) <
(k,q,n) = ay, 4,,(G). Then by induction hypothesis, we have

n—m—1°

2(Go) = z(RV* ) (28)
and
2(G —v —u)>z(R*). (29)

In view of equations (17), (18), and (29), the result follows.

Subcase 2.2 d(u) =2 and d(w) > 3.

Let G —uv = Go|J K1, where Gp = G — v.

Then Gy € G(n—1,1, k) and G—v—u € G(n—2,1, k—1). Since ok 4, »(Go) =
(k,g—1,n—=1) < (k,q,n) = 4,2(G) and ay, ¢, (G—v—u) = (k—1,9—1,n-2) <
(k,q,n) = ax 4,,(G). Then by induction hypothesis, we have

2(Go) = z(RY* ) (30)
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and
26 —v-wzz(RS). (31)

What remains is completely similar to that of subcase 1.1, we omit here.

Subcase 2.3 d(u) >3 and d(w) = 2.

Let G—uv=Go|UK;and G—v—u =G |J(m—1)K;, where Go =G —v
and G| denotes the subgraph containing C; of G — v — u.

Then Go e Gn—1,1, k—1) and Gy e G(n—m —1,1, k—m+1). Note that
ok, q,n(Go) <t ¢.n(G) and ay 4, 2(G1) < ai, ¢,2(G). From induction hypothesis,
we obtain

2Go zz(RI) (32)
and
2Gnzz(RAT). (33)

From the combination of equations (26)—(27) and (32)-(33), we know that
if z(Rl’k_’"H) > z(Pi—1 U Pu—i1—k+1) then the theorem follows.

n—m—1

If k = m, then Ri’f;’ﬁl = Rfl’lk_l. Since n —1 —k = g > 2, then the desired
result follows immediately from lemma 8.

Suppose that k>m + 1, that is k — m + 1>2. One can easily obtain
that P;_1 |J Py—i—m is a proper subgraph of Rif;"ffl Thus Rif;l"ffl contains
P_1 | Py—1—k+1 as its proper subgraph, so the theorem follows by lemma 6.

Subcase 2.4 d(u) >3 and d(w) > 3.

Let G—uv=Go|UKyand G—v—u =G |Jm—1)K;, where Gy =G —v
and G denotes the subgraph containing C; of G — v — u.

Then Go e G(n—1,1, k—1) and G—v—u € G(n—m—1,1, k—m). Obviously,
k>m+1 since d(w) > 3. The rest thing we should do is in full analogy with that
of subcase 1.2.

From the above arguments it follows the desired result. O

Theorem 11. Let G € G(n, I, k) with [ >3 and k> 1. Then z(G) > F;F,, _;_y+1 +
[Fi—1 + Fi+1 + (k — D) F|]F,—j_+2 with equality holding if and only if G = Rﬁ,’k.

Proof. From theorems 5 and 10 it follows the present theorem straightfor-

wardly.
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